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Abstract

Coupling between parallel plate waveguides is investigated using the Wiener-Hopf technique. For a TE
excitation of one guide, exact solutions for the radiate< reflected and transmitted fields are found and

o, k

are expressed by three terms. One term ie due to the exciting waveguide alone and the other two are due to inter-

action between two waveguides. The expreseione for the exact solutione are further reduced to derive approximate
solutione, which could be obtained using the ray theory of diffraction with a modified diffraction coefficient.

Introduction

Open ended waveguide structures have recently re-

ceived considerable attention ae radiating elementsl>2.
Mutual coupling between euch structures hae practical

significance and has been studied by varioue methode.

The equivalent static approachs and the ray theory of
diffraction have provided solutione for many interest-
ing probleme but have limitations due to difficulties
in including higher order raYe5,6.

An alternate approach based on Wiener-Hopf techn-

ique7 provides eolutione for certain classee of bound-

ary value problems. In this paper, the boundary value

problem concerning two parallel plate waveguides having

the came width and the same axis of eymmetry is formu-
lated and ie solved using Wiener++opf technique. The

final results are expressed in terms of an integral

extending from zero to infinity, which is then evaluated
numerically using the Gauss-Laguerre quadrature

formulag.
The solutions are also reduced to those obtained

ueing the ray theory of diffraction. The treneformed
Green’e function G(cx) associated with the Wiener-Hopf

equation is expanded in a power series, which after
integration and expansion of each term, the ray theory

solutions are found by retaining the first term only.

It is found that the resulting series ere convergent if

[(Kd)2/4KL]<l, where d and L are the width and
separation distance of two waveguides. The ray theory
solutions are found by ueing the first tern. together

with the modified diffraction coefficient of LeelO>ll,

The exact and approximate solutions are divided

into three terme. The first term gives the contri-

bution due to exciting waveguide only, where as the

second and third terms give the contribution due to
coupling between two waveguides.

Formulation of the Problem

Coneidar two infinitely thin and perfectly con-

ducting parallel plate waveguides of width 2a and
separated by a distance L and located in free space

ae shown in Figure 1. With a time factor e-iut, an
incident TEo,& mode, !, odd, ie assumed to ba prop-

agating in the exciting waveguide along the poeitive
z-direction, in the form

E;=i

-ykz

$ (x,2) = coe(*)e (1)

2%where yL = [(glr/2a)2 - K ] and K=K1+IK is

the propagation constant in free space. iUsing ones’e
m&thod af formulatinglz the following modified Wiener-
Hopf equation of eecond kind is obtained

J_(a) + e ‘aL J+(a) + 01 (a, ci)/G(a) =

k-l (ifx- YL) L
i’n.!— (-1)

T l-a

2aJ%i a + iy2

ITI <K2 (2)

where cY.=u+iT, G(a) E cosh yafy axp(ya) and 01
(a,a) is the Fourier transform of aperture electric
field to be determined. J+(a) and J-(a) are unknown
and are analytic in the upper (T > -K2) and lower
(T < K2) halves of the a-plane, respectively, It can

be shown that Ol(a,ci) satisfies

Ol(a, a)=+ G(a)[e ‘aL{S(-a)-D(-@ }-{S(a)+D(@ }]
(3)

where
s (lx)

L-1
7-1

- ~-yLL

= J-(et) ~ J+(-a) - =(-1)
[U*Y2 ~ —1

D (a) 2afi
CY,-iyk

(4)
The upper and lower signs belong respectively to S(IX)
and D(o.! . These functions eatisfy the following
integral-equation

=-id
L-I
~ G+(iYL)

I

G+(f3)E(B)e-iBL
=(-1) — + G-(cL)E(a)= df3
2a& a+iyk (6 +a) (21Ti/A)

‘K2<-d<~<d<K2

(5)

where

/

s(a) , A=l

E(a) =

\D(@ , as-l

and G+(a) ie the “plus part” of G(a) (G(cJ) =

G+(a) G-(u)). A eolution of the above integral equation
together with equation (3) gives Ol(a,a) and hence
O(x,ct) can be determined. The final solution of the
scaler potential $(x,2) can be found by an inverse
Fourier transform. To determine E(a) one notes that
the right handside of equation (5) is of the form
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-.

I

=-id @=-id

[
‘+(B)E(B) -i~LdB =

I
a coshya”e ‘yaE(f3)e

-iflL
.

J $+a ] Ya* (B+o. )G-(6)
--id -=-id

(6)
For largeL, the major contribution ie from the inte-

gral over a smell neighborhood around the branch point
B = -K. Deforming the contour in the lower half plane
and expanding G-(6) and E(6) in a taYlor series

about the branch point $ = -K, the first term gives

— T(a)1 = a5(3)
where

-K- im

I
2

T(a) = 2 Cosh ‘a e-i6L d~ =

ya(e + a)
-K

(7)

I
z -u

2L
‘cosh2[$ /2i KL U - U ]e

— dU (8)
a i2i KL U -

0
u~ [u+ i K@ - 1)]

The new variable U in the above integral ie chosen to
tranefer the integral to a form suitable for numerical

integration. Equation (7) with (5) and (3) gives

%-1
G+(a)

Ol(a, a)= ---(-1) ‘G+(iyL) {— -
aj2ri

2a~ a+iyl (iYL-K)(l-F2)G~(K)

where

F

[F T(cx) G+(a) + T(-a) G+(-o.) eiaL]} (9)

.& ~ (lo)
‘“A G+Z(K)

I-Radiation field

Outside waveguides, the scattered electric field iS
given by

J

co+i~

p(x, z) =~ Ql(a,fx)e
y(a-x)-iazda

, ITI<K2 (m
%

-&iT

which with a saddle point integration at far zone gives

i (KP-$

OS(p,e) s e K sine @l(a, K cos e)e
-i Ka sine

5 (12)

Replacing for @l(a,@ from (a), the radiated field
+S(p,e) ie given by three terme, The first term is

the field radiated from open end of the exciting wave-
guide alone, and the second and third terms are the

contributions of multiple interactions between wave-
guides.

II-Reflected and transmitted fields
Ineide the exciting waveguide the reflectad

electric field is given by

‘=FiT

=+x-r

After closing the contour in the upper half plana and

using residue theorem me finde$

O))ehz +&(z) ]cO@X)+r(x’z)~=~!j~~m‘R!t,m
(14)

s
9

Similarly inside the coupled waveguids the
transmitted electric field is given by equation (13),

but to evaluate the integral the contour must be closed

in the lower half plane ~o give

‘l)(z) +TL,me@t(XjZ)=f [T~m(z)+Tk,m (2) ‘Ymz] ~05(!!&) (15)
m=l,3,3

Again the firet terms in (14) and (15) are due to the
exciting waveguide only, while other two terms are the
contributions due to interaction (coupli g) between two
waveguides. R[2~(z), T.R,m(Z) and T~l~(z) are due
to fields scatt&red by each waveguide alone and decay
with Z according to Sommerfeld radiation condition.
Thus, at far distancea from the openings the only

contribution for the reflected and transmitted f
.is due to the coefficients T@jds

%.,m, R&& and ~m
respectively. The reflection and trankmiaa:ion co~
efficient which are functions of z can be evaluated
numerically similar to T(a) in equation (8),

Reduction of the solution to that of ray theory of
Diffraction

If the Green’s function G(a) is expanded in a
power series T(a) can be written as

T(a) ‘n=~,1,2,.,‘n(a) (16)

where
=-id

J

1

1 ,for n = O

Tn(cx) =+
(;--n); e-iBL

ma d~, en =
n

-bid [ 2
,for n # O

(17)

In the neighborhood of @ = -K, the function
(fJ-K)n-l/2
by ~ 2K)n-1~~ ‘egular and smooth and can be replaced

. Therefore, deforming the cnntour in
(17) it may be ehown that, the
taker function, which after an

first term only gives

-2ri e
i(KL- $) ~

T(a) = ~[1+
a-

“.g

final-result is a Whit-
expansion and rataining

iv-vz -:iv~~+ . ..]

(18)

Retaining only the first term in (1S), its substitution

in exact solutions of radiated, reflected end trans-
mitted fields gives the results obtained by using ray

theory of diffraction in conjunction with the modified

diffraction coefficient of Lee. However,higlher terms of
T(u) provide corrections when L is not large enough.

Results and Discussions

Some computed reeults for the radiated power
and reflected and transmitted fields for a waveguide
eize 2ajk = 0.6 and TEO,l excitation are shown in
figures (2) to (4). The infinite integrale in the
respective equations sre computed by a Gaus:3=L&uerre

quadrature formula with 15 intervale. Aa expected with

decreasing KL, the direction of the main lobe of
radiation moves progressively away from the forward
direction. The reflected and transmitted f:~elds are

oscillating functione of KL with period IT and decay
gradually to reach their final values for KL = CO,

Equation (18) shows that the eeriee :1s conver-
gent for v < 1, L large, and the solutions of dif-
fraction theory can be obtained by retaining first term

only. Higher order terms give correction terme when

the separation diatence L ia not large enough.
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Similar results for other excitation modes can be found
by using proper Green’s functions. The method may also

be extended to study the coupling between parallel

plate waveguides of different widths or arrays of wave-
guides.
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